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TRANSIENT STRESSES INDUCED BY HEATING A PLANE
BOUNDARY?
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Abstract—A closed-form solution to the plane strain problem of a semi-infinite isotropic elastic medium subjected
to an instantaneous line heat source at the boundary is obtained in terms of tabulated functions. This solution is
regarded as fundamental and is employed to derive solutions to transient thermal stress fields for several cases of
practical interest.

INTRODUCTION

AVAILABLE treatments of transient thermal stresses produced by the heating of a boundary
in general have led to solutions in the form of unevaluated infinite integrals. A notable
exception is the paper by Jaunzemis and Sternberg in which the problem of sudden heating
of a portion of a plane boundary is considered and a series solution together with numerical
results are given [1].

In the present work, to begin with, the solution to the problem of plane state of strain
in a semi-infinite isotropic elastic medium subjected to instantaneous line heat source at
the boundary is derived in closed form. This solution is regarded as fundamental and is
employed to obtain the solution to the following cases:

1. Distribution of instantaneous heat sources on a portion of boundary.
2. Step line heat source at the boundary.
3. Step line heat doublet at the boundary.

Subsequently the case treated by Jaunzemis and Sternberg [1] is considered and a
closed form solution containing error functions and their integrals is obtained.

This study is based en uncoupled quasi-static linear, plane strain, theory of thermo-
elasticity [2]. However, all the given solutions could be regarded as those for a semi-infinite
slab with insulated faces and in a state of plane stress.

FORMULATION OF PROBLEMS

The domain of solutions is assumed to be a semi-infinite elastic isotropic homo-
geneous medium, shown in Fig. 1. The points are referred to either rectangular coordinates
(x, y, z) or cylindrical coordinates (r, 6, z). The constants E,, v,, a,, K and k designate the
Young’s modulus, Poisson’s ratio, coefficient of linear thermal expansion, thermal conduc-
tivity and thermal diffusivity for the medium, respectively.

T The financial support to carry out this work was partially provided by the Office of Naval Research.
} Now at: Cornell University, Ithaca, New York 14850.
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r-(x2+y2)'/2

8=tan” 7‘[

FiG. 1.

The medium is free of body and surface loads. The plane deformation of the medium
is caused by a heating of a portion of the plane boundary, y = 0.

The stress components o,, o, and t,, are decomposed into a particular solution
(0%, 0%, 7%,) and a complementary solution (¢%, 0}, 07) as:

o, = 0L+ (1a)
6, = 0y +0 (1b)
Ty = T5,+ 75, (1c)

Further ¢4, of and %, are derived from an Airy function ®? according to:

xy?

orp? 2P PP
P 4P P — —
(6x7 a-y’ Txy) ( ayz ’ axz ’ axay . (2)
The function @7 is a particular solution of
52 62 2 62 62
—~ 4" | P = —Eo| —+-—
(6x2+6y2) a(6x2+6y2) T ®

where
E=E, /J1-v}, a = o,(l+v,),

and T is the temperature of the medium. The components o3, o} and 13, are obtained from
suitable functions of complex variable V(w) and W(w) as follows [3]%:

o¢ = Re V(w)—2 Re W(w)—n Im[V'(w)— W'(w)], (4a)
o, = Re V(o) -+ Im[V'(0)— W ()], (4b)
Ty = Im W(w)~ 7 Re[V'(w)- W(w)], (4¢)

where Re and Im stand for the real and the imaginary parts of the complex functions,

t denotes time,
w = (§+in),

¢ = x/(4kt)?,
n = y/(4ke),
Viw) = dV/dw,
W(w) = dW/dw,

T The formulation given here differs slightly from that of Ref. [3]. The modification is desirable for the
particular cases studied in this paper.
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and i = \/—1. The parameter (4kt)™* is included in the variables for convenience. The
functions V(w) and W(w) are determined such that the solution (s,, 5, 7,) satisfies the
conditions

yly=0 =0, (5)
Txy y=0 = 07 (Sb)
(04,0, Tyyh=o < . (5¢)

Throughout this study it is assumed that the interior of the medium is free of heat
sources. Consequently the temperature T is a solution of

o2 0* 10
(6x2+6y2 k 6t) T=0 (©)
satisfying appropriate thermal conditions on the boundaries. The plane boundary of the
medium, y = 0, will be assumed to be either insulated or at specified temperature except
along lines or regions of source distribution.

In the subsequent sections the stresses are given in terms of real and imaginary parts
of certain functions. To keep the emphasis on the essentials the discussion of the nature of
the real and the imaginary parts are left for the Appendix at the end of the paper.

The corresponding solutions for the plane state of stress in slabs with insulated faces
may be obtained, from the solutions given in the sequel, by replacing E and o by E, and
a, respectively.

INSTANTANEOUS LINE SOURCE

Let T be the temperature field of an instantaneous line source along the z axis and lying
in the otherwise insulated boundary plane y = 0. The temperature field for this case is
well-known [4], namely

N 47?10(te—02’ (72)
where
p = r/(4kn)?, (7b)

and Q, is the total heat liberated per unit length of the line source. The stress field corre-
sponding to an instantaneous line heat source in unbounded medium is adopted as the
particular solution. This stress field is given by [5]:

ExQ, 2) o= 02 1\?
P — —_ e t
o? - Kt[(cos 20—2n%)e cos 20]( p) (8a)
EaQO 2 —p2 1 2
P — —_ — 14 —
o} o Kt[( cos 20 —2&%)e” 7" +cos 26]( p (8b)
EaQ, 2 - p2 1.
P - = L —
2, - Kt[(l +p%)e ”(p) sin 20. (8¢)
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On the plane boundary,

p __E“Qo —2y -8 g2
oly=0 = _8nKt[(2+é )e &L

p —
lyo = 0.

Hence the complementary solution must be bounded at infinity and meet the conditions

Sily=0 = — 03,0 (9a)
Toyly=0 = 0. (9b)
It follows that the appropriate complex functions are W(w) = 0, and
V(w) = lin f j: }g%d'l’ (10)
where
E

B = o202 4 e i)

The integral in (10), can be reduced to Laplace transform integrals by suitable transforma-
tions, leading to

5 .
V(w) = 5::%; |:(2+cu‘2)e“‘*’2 erfc( —iw)— (é) _wf;n]’ (11)

where

0

2 2
erfo(—iw) = ‘—f e % dj,
N

is the complementary error function [6].F The function

-

e~ erfc(—iw)

has been extensively studied. The expansions and the real and the imaginary parts of it is

given in the Appendix. Tables of this function are available when o is expressed either in

rectangular or polar coordinates [7, 8]. These functions are also discussed in Ref. [4].
For large values of w, V(w) behaves as

Viw) = E:Q"[- (é)2+%(ai))3+0(1/w4)], (12)

i.e. V(w) vanishes as w — co. On the plane boundary,

otly—o = ReV(), o

yly=0

= Re V(¢), Toyly=0 = 0.
However,

EaQ,
87Kt

Re V(S) = [R+& e ¥-¢77,

t The factor (2/,/7) is not included in the definition adopted in this reference.
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because

Reerfo(—ié) = 1.

Therefore, it follows that the conditions (5) are met by the complete solution.
Along the y axis o}, and ¢} can be expressed in terms of real functions; 7, is zero along
this axis.

EaQo| 2, 2 -2
¢ g = 20 - i 13
0%lx=0 8nKt[(n +n~%)e" erfe(n)—n +\/7r'1 \/n (13a)
_ExQol 0 aa 4o , 61 4
e—0 = 8nKt|:(4 3y 4n?) e" erfc(n)+3n \/n ?1+\/7r" . (13b)

The behavior of stresses for large and small values of p is of particular interest. For large
values of this parameter the complete solution behaves as

o, = gaQO [cos 20 +cos 40+ 0(p~ )], (14a)

o, = l;foth [cos 20 —cos 46 +0(p )], (14b)
_ QO -1

Ty = ~5 K ———[sin46+0(p™ ")). (14¢)

It is seen that the stresses approach non-vanishing limits, as ¢ - 0*. The limits correspond
to the stresses due to a line double force on the plane boundary of the medium.
For small values of p the complete solution behaves as

_ EaQo[ 8y 2
%% = Znke| (k) T O )]’ (15)
_EaQ,[ )? s
% = $aKi| 2kt+0(p )] (159)
EaQ,[
" = SaKe 2k:+0(” 3)] (159

i.e. as t — oo, the stresses approach zero as t ¥,
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RECTANGULAR DISTRIBUTION OF INSTANTANEOUS SOURCES

For a uniform distribution of instantaneous sources, placed att = Qon(—b < x < +b,
y = 0), the stresses are derived through appropriate integration of the solution obtained in
the last section. The particular solution, in the case, is

62 —-p2 —_pn2
ai:%\/?{i‘fﬁﬁ( 1)_°052 (73— 1)+ 2ferf(&,) —erfl&,)] ¢ "}, (16a)

4nK P
_EaQ, cosf,, _, cos 8,
P o ol
o= 2 [ P e GRS (16b)
Ean sin 91 —p3_ gy SID 92 e
4 3 p

where Q, is the total heat liberated/unit area of the distribution,
¢y = (x—b)/(4ke)?, ¢, = (x+b)[(4ke)?,
=&+ py = (EG+nE,

- —IML = —1.._.}.]_.,
6, = tan (x—b)’ 6, = tan (x+b)’

2 0 .
erf(¢) = ﬁj‘ e 4 dJ,
Q
is the error function [6].F

The appropriate complementary solution is obtained from functions W{w) = 0, and

1 ) i1 .
Viw) = -EaQ‘\/;[a-———e““’x erfc(—iwl)—w+5—e 3 erfc(——la)z)], (17
1

4nK w,y w, W,

according to (4), where

and

@y = (& +in),
C!)2 = (62 + in)-
Along the plane boundary 6, = 0, 7, = 0 and

Ea k —x2 oy 4
Oly=0 = 213;\/}—[erf(fl)~erf(fz)+ Efe -1 =&, e -1)] (18)
For small values of (1/p) the behaviour of the solution is as
_ EokQ,[cos30,+3cosf, cos30,+3cosf, 1 3
%= 4K L r, r, +\/(kt)0(p ’ (192)
EakQ,} cos 30, —cos 8, cos30,—cosf, 1 _3
% = K [ " Y (156)
EakQ,| sin 30, +sin 8, sin36,+sin 92 _3
- — - 1
Txy 4nK [ r r, \/(kt)()(p ) ( 9C)

t The factor (2/,/n) is not included in the definition adopted in this reference.
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Clearly the stresses approach a well-defined limit as ¢t approaches zero through positive
values. The limit is the stress field due to two line forces of equal magnitude and opposite
sign acting in the positive and the negative x-directions along the lines (x = b, y = 0) and
(x = —b,y = 0), respectively. The magnitude of each force/unit length of the line is
(EakQ,/2K) [91

STEP LINE SOURCE

The stresses due to a line source of step time dependency is derived through integra-
tion of the instantaneous line source solution with respect to time. For this case the
particular solution is

EaQ,[cos20, _, 2
P P 1y —
of Snx[ e (e D—E(p%) |, (20a)
ExQ,| cos 20 o, 2
3L J— _ Fig
of = SKK[ (1=e)=Eio) | (20b)
Ean sin20, _ ,
94 [/
K ——(e 1), (20c)

where

© _,da
E (p?) = -
(9 J- e 7

p?

is the exponential integral [6] and Q, is the amount of heat liberated per unit length of the
line source/unit time.

The complex functions for the determination of complementary solution are W{w) = 0
and

E 1 2
Viw) = 81?{2[—(0—-2-6_“' erfc(—iw)—(alj) —7;5*2-]‘ erfc(—il)%] (21)

For small values of o the function V{w) behaves as
an 161 3
7[

Viw) = [ 2logw—y—1-— gt 2+4s¢ P +0(a>“)] 22)

where y is the Euler’s constant [6]. For large values of w, on the other hand, the behaviour
of V(w) is as

Ean

Viw) = (- ™2+ 03] (23)

The state of stress is regular at the source location for t > 07. This is in contrast to the
case of unbounded medium in which stresses exhibit logarithmic singularity as p — 0. In
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fact, in semi-infinite medium the stresses approach to a uniform compression in the x-
direction, as p — 0, according to:

6 —E“QZ[—2+ 1 .o Z)J (24a)

*= 82K ENC
_ Ean y2 3
0y = ot [%w(p )] (24b)
E
Tay = 8;:%[—%%(113)]. (24¢)

The singular stress field in an unbounded medium, due to a steady line heat source,
develops because the thermal expansion of the material at and around the source location
is constrained by the rest of the medium. This constraining effect is not present when the
source is at the boundary.

The uniform compression in the x direction, indicated by the solution, in the limit as
t — o0, could be explained by noting that strictly speaking the semi-infinite solid is not free
to expand in the x direction. Also according to (21) the stresses approach the limit at
different rates.

It is evident that conditions stronger than (5¢), i.e. vanishing stresses at points far from
the heated region, is not appropriate for all times. In the next section the case of line heat
doublet is treated for which, in contrast to the case of line heat source, the total heat supply
to the medium is zero and hence a well defined steady state temperature function exists.
It is shown that, as t — co, all stress components approach zero in that case.

Components of stress assume simple forms along coordinate planes. Along the free
boundary, for instance, ¢, = 0, 7,, = 0 and

EaQ, 1
Tdy=0 =K &

(e ¥ —1). (25)

STEP LINE DOUBLET PARALLEL TO THE BOUNDARY

The stresses associated with a step line doublet, the axis of which coincide with the x
axis, are obtained by differentiating the step line-source solution, derived in the preceding
section. For this case the particular solution is’

EoQ,
P? =
87K

[p%(e""z - 1>—xE1(p2)] , (26)

where Q, is the doublet strength/unit length of the line per unit time. The complementary
solution, on the other hand, is derived from complex functions W(w) = 0 and

@ Jnwl

V(w)

w

_ ExQ, 1[1 2i 1 (2 1

= — — 4 —| 7% erfo( ~iw) | . 27
8K ki +w3 e “"erfo( lw):| (27
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For small values of (1/p), the stresses behave as

EaQ;[ cos 30— 3 cos 50 _
60 = 2 00 3)] , (282)
_ EaQ,[ 3 cos 30—3 cos 50 3
% = 3akr I p +0(p™") |, (28b)
_ ExQ,[ —55sin 3643 sin 50 3
Ty = 8nKr| e +0(p™7) |. (28c¢)

For large values of (1/p), on the other hand, the stresses behave like

_EaQ; 1

Oy =g m[ﬂo(pz)], (29a)

_EaQ; 1
%y = 2aK :/-(k—t)[()(/lz)], (29b)

ExQ, 1
Ty = RrK W[— 2n+0(p%)], (29¢)

i.e. stresses approach zero, as t — cc. Once again the stresses approach zero at different
rates.

A line doublet simultaneously heats one half and cools the other half of the medium.
Also in the limit as t — oo, the temperature function due to step line doublet approaches a
well-defined harmonic function decaying as (1/r) in all directions. Consequently any
constraining at x = + oo would not result in uniform compression in the x-direction, as
in the case of step line heat source discussed in the preceding section.

DISCONTINUOUS TEMPERATURE RISEY

In the hope of constructing a more compact solution through use of complex functions
the problem treated by Jaunzemis and Sternberg [1] is considered here again.

Initially the medium is at zero temperature everywhere. At t = 0", the temperature of
the strip(—b < x < +b, y = 0)is raised to the constant value T;,. The rest of the boundary
is at zero temperature at all times.

The well-known temperature function for this case is [4]

&2 a2 da
T = Tof et ),1;1+—;12' (30)

t Direct derivation of the solution is more convenient in this case. The problem is essentially identical to the
case of continuous distribution of doublets on the boundary.
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Using the Goodier’s method {2] and the temperature function (30) the following particu-
lar solution is obtained:

EaTy[sin26, _ , sin 26, Czann NdA
JPC= T —-1+4 (a%+n%) - 31
| Pl (e )- s (e” ) . e peanps (31a)
EaT,[sin 20 . sin20
of = S| o e 2(1~e~p%)} G1b)
EaT,[ cos 26 _ ... c0s26
= | A= e A E (o) Elipz)] Glo)

The particular solution is zero at infinity. On the plane boundary 6? is zero and

B (1~ e — (1~ S5 2+ E, (€D~ Ey(€D)

txyly:()
The complementary solution must, therefore, be bounded at infinity and meet the condi-
tions
O-;Iy=0 = O, T;ylyzo = ~T£y|y=0'

Using the techniques employed in previous sections it can be shown that the appropriate
complementary solution is V(w) = 0 and

EaT, i o I 211 1
W(w) = an [0)2 wf+aTle ferfe( lwl)—aie erfe( lw2)+\/n(wl_m2)

+2i f e erfc(—i,z)flﬂ. (32)

The expressions (31) and (32) constitute the solution. Apart from an integral in (31a)
and an integral in (32) these expressions contain only tabulated well-known functions. The
integral in (32) is identical to the one in {21), i.c. in the solution for step line source at the
boundary. The integral in (31a) is none other than the temperature function (30). These
integrals have tabulated integrands and well-defined limits. The real and the imaginary
parts of these integrals and appropriate expansions for them are given in the Appendix.

The behaviour of W(w) for small and large values of p is, respectively, as follows:

8b 3
0. _i
[2 log ——2(8, — 92)+3J( %) 2pl(smz —icos28,)
—% p3(sin 26, —i cos 26,) +O(p3)] (33a)
Wiw) = _ EaTy| sin26, +icos 26, sin26,+icos 20, +0(-3) . (33b)
4 pi 3
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The stresses for small values of p behave as

4 b 2
o, = —EaT, L‘3‘7; W'*'O(P ):|, (34a)
o, = —EaT, —2%+0(p3)il, (34b)
- _ [y 2
= ~BaTy| 300 )], (340)

i.e. they approach zero like (b?/kt)* as t — co.
For large values of p, i.e. r > b and (kt/b*) — 0, stresses behave as

EaT,[sin46, sin46, _
o, = - +0(p™ 3 |, (35a)
S N AT A
EaT,[ 2sin 20, —sin40, 2sin20,—sin40
o, = aT,[ 2sin 20, . sin4, 2sin 2 sindl o3|, (35b)
an | P1 P2
EaT,[cos20, —cos 46, cos20,—cos 40 _
= B S | 9
CONCLUSIONS

Combining particular solutions with appropriate complementary solutions several
physically interesting thermal stress problems have been solved in closed form. The solu-
tions describe states of plane strain in half-space that is heated over portion of the plane
boundary (the remainder of the boundary being insulated or kept at some reference
temperature). The closed form of the solutions given, permits detailed study of the behaviour
of the stress fields at different times and locations. It is shown that the singular state of stress
around a step line-source (or a step-line-doublet, etc.) in the interior of the medium con-
verts to a regular state as the line source (or a doublet, etc.) is moved from the interior to
a free plane boundary. Furthermore, in general, the boundedness is the strongest condition
which could be imposed on stresses, at infinity, at all times. However, in the cases where
the steady state temperature field is a well defined, harmonic, bounded, function the stresses
vanish, at all times, at points very far from the heated region. The solutions constructed are
expressed in terms of tabulated functions and certain simple integrals of these functions
with definite limits. Therefore these solutions are suitable for numerical calculations.

Examination of the solutions for step line-source, step line-doublet and variable
temperature rise constructed here, indicates that in general, the rate of decay of stress with
distance from the heated region increases when the rate of heat input is decreased. The
question of the rate of decay of stresses caused by localized heating is related to the validity
of an overall type of Saint Venant principle [10]; a detailed treatment of this matter requires
further investigation.

Acknowledgement—The author is grateful to Professor B. A. Boley for his helpful comments during preparation
of this paper.
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APPENDIX

Throughout the paper the complementary stress field is expressed in terms of complex
functions V(w) and W(w). Presently computer programs are available to calculate the real
and imaginary parts of variety of functions of complex variable w. However, for the sake
of completeness and for the purpose of convenient use of the solutions the real and the
imaginary parts of all the complex functions appearing in the solutions are given below
in the forms suitable for numerical calculations.

The nature of the integral appearing in (30) and in (31a) is also discussed.

1. Real and imaginary parts of algebraic functions
Re w" = p" cos nb, Im w" = p"sin nb.

2. Real and imaginary parts of transcendental functions
The only transcendental function appearing in the solution is

f(w) = e erfc(—iw) = ™"+~ erf(iw).

Extensive informations are available on this function [6]. Also tables giving the real and
the imaginary parts of f(w) is in hand (see [4, 7, 8]).
To begin with

Re(e ™ %) = e~ #7°*2%[cos(p? sin 26)],
Im(e™“*) = e~ ****2%sin(p? sin 26)].

On the other hand the known expansion

_) w2n+1

erf(iw) = \/—l 2 (Z)n R

_0)

€

is available, where
3, =3G+1DE+2)...G+n-2G+n—1).
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Hence
)np2n +1
Re[e™ ¢ erf(iw)] = Z el ~————sin(2n+ 1),
n=0 2/n
) 2n+1
Im[e™ ¢ erf(iw)] = —\/— Z @ ~—————cos(2n+1)0.
2)n

For very large values of p the asymptotic expansion of (w) may be used to obtain:

N—-1

Re f(w) = \/— ( (3,02 Usinn+ 1)+ 0(p 2N 1),

Im f(w) = T Z —Y@)up 2" cos(2n+1)§+0(p "2V 71y,

3. The function g(w)
The integral

@ di ¢ _,.dA
go)-gw) = | fOF = [ e Fetd-inT,
where w, is a complex constant also appears in the solutions. Now
gw) = —3E,(0’)+h(w)

where E, is the exponential integral {6] and

2 O ( )n 2n+1
h
@ =72 L @i 00,
Hence

2 > (_)n p2n+1

Re h(w cos(2n+1)8,

@ =72 L@ @, @Y
2 5] ( )n p2n+1

Im h(cw sin(2n + 1)6.

@=L e @, et
On the other hand

Re E,(w?) = —y—log p?— i (_)"pzncos2n0
: ) ’

ImE,(w?) = —20— i =) 2"sinzn@
! n=1 n(n!) ’

where y is the Euler’s constant.
For very large values of p the following asymptotic expansions are available:

pmn- ,sin(2n+1)0

Re g(w) = \/_ g i D) (p~ 2N,
—1°g 2
tmg(@) = 72 3 (o2 Wy gy
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4. Certain temperature function
The function

1 di
R — e~ (A2+n?) n
(élaélsn) J;Z /12+’72
appears in (30) and (31a). To find a more convenient presentation of this function which is
suitable for numerical calculations, in Ref. [1] the function is first expressed in terms of
iterated error integrals and then Rosser’s expansion is employed to present R in the form
of series of error and other incomplete gamma functions.
Calculation of R should not present major difficulties except at the vicinity of points
of discontinuity, i.e. (x = +b,y = 0). However at the vicinity of the plane boundary the
following convenient presentation may be employed:

g

_ by =) 2n+1_ g2n+1 3
R=10,-6, +2kt ] Z 2nt D+ 1)t (6 ") +0’).

For larger values of n the expansion
_ - ) 2 2
R=0,-6, +2kt ”"Z,(nﬂ)! "o Trddy,

is more suitable. Using binomial expansions the last 1ntegral can be easily evaluated.
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AbcTpakTt—Ilonyvaercs pewleHne B 3aMKHYTOM BH[E, BbipaxenHoe TabyMPOBAHHBIMU (YHKUHAMU, O
3anauun.niockoi aedopmalimu, kacarouleecs noaybeckoHeuHOR, H30TPOMNHOM, ynpyro# cpeabl, MOABEPXK-
€HHOM NeNCTBUIO MHOTOBEHHOIO, JIMHEHHOTO MCTOYHHUKA TerJjia Ha kpato. Peulenue cuuteercs GpyHnamMeHT-
anbHbiM, OHO HCNOJb3YeTCA ¢ UE/bIO ONPENEICHUs PElLeHUI AN HECTAUMOHAPHBIX MOJIeH TEPMHYECKHX
HAMPSAXKEHUU, AN HEKOTOPBIX CAYYAEB, UMEIOLLMX MPAKTUHECKOE 3HAYEHUE.



